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Research Summary:

An algebraic structure (E,+, ◦) is said to be a left skew brace if (E,+) and (E, ◦) are
groups and, for all a, b, c ∈ E, the following compatibility condition holds:

a ◦ (b+ c) = (a ◦ b)− a+ (a ◦ c).

A right skew brace can be defined analogously. A left skew brace is called a left brace if
(E,+) is an abelian group. This concept was introduced by Guarnieri and Vendramin
in connection with set theoretic solutions of the quantum Yang-Baxter equation. Coho-
mology theory for braces acting trivially on abelian groups (viewed as trivial braces)
was recently introduced and investigated by Lebed and Vendramin. Bachiler sug-
gested some ideas about non-trivial actions. Let H be a left skew brace and I an
abelian groups viewed as a trivial left brace. Generalising the ideas developed so far,
we investigate second cohomology group of H acting on I non-trivially. A bijective
correspondence between the following is established: (i) second cohomology group
of a left skew brace H with coefficients in a trivial brace I ; and (ii) class of extensions
0 → I → E → H → 0 of H by I with the given action of H on I . We develop gen-
eral cohomology theory in case the extension 0 → (I,+) → (E,+) → (H,+) → 0,
viewed as an extension of (H,+) by (I,+), splits. Further, we construct a fundamental
exact sequence connecting the second cohomology group of a skew brace with the au-
tomorphism group of extensions of the skew brace. Such a sequence for groups was
constructed by Wells in 1971.

A long standing well known problem in group theory is to classify finite groups
in which every element of the commutator subgroup is a commutator. It has already
been proved that in a finite simple group every element of the commutator subgroup
is a commutator. At the extreme end, for finite p-groups the situation is quite differ-
ent. It has been recently proved that if the commutator subgroup of a finite p-group,
p ≥ 5, is minimally generated by at most 3 elements, then every element of the com-
mutator subgroup is a commutator. It is also known that the same happens for all
p-groups upto order p5. We recently classified finite p-groups G, p odd, such that the
commutator subgroup γ2(G) of G is of order p4 and exponent p, and γ2(G) contains a
non-commutator. Continuing in this direction, we investigate finite p-groups of order
p7, and present a fine characterisation of those groups G of order p7 whose γ2(G) con-
tains elements which are not commutators in G. Our work, along with the existing
theory, suggests a general phenomenon that might take place in all finite p-groups.
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